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TWO COMBINATORIAL PROPERTIES OF 
A CLASS OF SIMPLICIAL POLYTOPES 

BY 

CARL W. LEE 

ABSTRACT 

Let f ( . ~ )  be the set of all f-vectors of simplicial d-polytopes. For P a simplicial 
d-polytope let .~(P) denote the boundary complex of P. We show that for each 
f@f(~) there is a simplicial d-polytope P with f(P)=f such that the 
simplicial diameter  of Y-(P) is no more than fo(P)- d + 1 (one greater than the 
conjectured Hirsch bound) and that P admits a subdivision into a simplicial 
d-ball with no new vertices that satisfies the Hirsch property. Further, we 
demonstrate that the number  of bistellar operations required to obtain Y,(P) 
from the boundary of a d-simplex is minimum over the class of all simplicial 
polytopes with the same f-vector. This polytope P will be the one constructed to 
prove the sufficiency of McMullen's  conditions for f-vectors of simplicial 
polytopes. 

1. Introduction 

The f-vector of a simplicial (convex) d-polytope P is the d-vector f(P)= 
(fo(P),f,(P),... ,fd-,(P)), where /j (P ) i s  the number of ]-faces (]-dimensional 
faces) of P, O~]<=d-1 .  The h-vector of P is the (d+l)-vector h ( P ) =  
(ho(P), h,(P) .. . .  , hd (P)) defined by 

j=O 

where we take f_,(P)= 1. Knowing h(P) is equivalent to knowing f(P) since 

J+' ( d - i  )hi(P), 0 = < ] < d - l .  f'(e)--Y',=0 d - j - 1  = 

Let ~ denote the set of all simplicial d-polytopes. The set h ( ~ ) =  
{h(P) : P E ~ }  is completely characterized by McMullen's conditions [1], [11]. 
Associated with each h E h ( ~ )  there is a natural class ~ ( h )  of all simplicial 
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d-polytopes P with h (P) = h. It may be fruitful to study how various properties 

of simplicial polytopes behave with respect to this partition of ~ .  For example, 

the Hirsch conjecture for bounded polyhedra is equivalent to the conjecture that 

diam .E(P) _-< h~(P) for all simplicial polytopes P, where diam .E(P) is the simpli- 

cial diameter of the boundary complex of P. As another example, the boundary 

complex of any simplicial d-polytope P can be obtained from the boundary of a 

d-simplex by a finite sequence of bistellar operations. Pachner has shown that 

the minimum number l(P) of operations required in such a sequence is at least 

h , ( P ) -  1, where n = [d/2]. 

In this paper we show that for each class . ~ ( h )  there is a simplicial d-polytope 

P = P(d, h )E  6~(h) such that (1) diam Y_.(P)- < _ h~(P)+ 1, (2) P is the boundary 

of a simplicial d-ball A with f,,(P) vertices satisfying diamA_--< h , (P) -1 ,  and 

(3) l(P)= h, ( P ) -  1. This polytope P will be the polytope constructed in [1] to 

establish the sufficiency of McMullcn's conditions. Using a result about a specific 

class of vertex decomposable simplicial complexes we will deduce that A is 

vertex decomposable and that .E(P)\ v is vertex decomposable for a particular 

vertex v of P, from which properties (1) and (2) will follow. Property (3) will be a 

consequence of the structure of A and some observations about shellings of 

simplicial balls. 

2. Preliminary definitions and facts 

A simplicial complex on the finite set V = V(A) is a nonempty collection of 

subsets of V with the property that {v}GA for all v E  V and that F E A  

whenever FC_ G for some G EA.  For F@ A we say F is a face of A and the 

dimension of F, dim F, equals j if card F = j + 1. Such an F will be called a j-face 
of A. The dimension of A, dim A, is max {dim F : F E A}. If dim A = d - I we will 

refer to A as a simplicial (d - 1)-complex. In this case faces of A of dimension 0, 

1, d - 2  and d - 1  will be called vertices, edges, ridges and facets of A, 

respectively. As with polyhedra we denote the number of j-faces of A by ~ (A), 

0=<j _--< d - 1, and define f(A) = (f~(A), fL(A) . . . . .  fd ~(A)) to be the f-vector of A. 
We compute the h-vector of A, h(A) = (ho(A), h~(A) . . . . .  hd (A)), using the same 

formula as for simplicial d-polytopes. We call A pure if each maximal face of A 

(with respect to inclusion) is a facet. 

Let A be a simplicial complex. For F E A the link of F in A is the simplicial 

complex I k ~ F = { G E A : G N F = O ,  G U F @ A } .  If F ~  the deletion of F 

from A is the simplicial complex A \ F  = {G C A :  F ~  G}. Let A~ and A2 be 

simplicial complexes on disjoint vertex sets V~ and V2, respectively. The join of 
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A~ and A2 is the simplicial complex on the set V~ tO V2 defined by A1. A2 = 

{F~ tO F2 : F I E  &, F2 E//2}. For a finite set F the power set of F will be denoted 

F. For convenience we may sometimes write a set F={VI,  V2,...,Vk} as 

v~v2"" vk and P as vtv2" �9 �9 vk. 

By I AI is meant the underlying topological space of the simplicial complex A. 

If I AI is a topological (d - 1)-dimensional ball (respectively, sphere), we say A is 

a simplicial (d-1) -bal l  (respectively, simplicial (d-1)-sphere).  If A is a 

simplicial sphere then A is pure and every ridge of A is contained in exactly two 

facets of A. If A is a simplicial d-ball then A is pure and every ridge of A is 

contained in at most two facets of A. In this case write a A for the simplicial 

( d -  1)-sphere naturally associated with the boundary of [A]. This complex is 

called the boundary of A and it is known that aA = I,.J{F : F is a ridge of A 

contained in exactly one facet of A}. Each F E 0A will be called a boundary face 

of A. If A -- P for some finite set F of cardinality k => 1 then A is a simplicial 

(k - 1)-complex and will be called a (k - 1)-simplex. In fact A is a simplicial ball 

and aA is the set of all proper  subsets of F. 

We will be primarily interested in simplicial complexes related to convex 

polyhedra. For basic notions in the theory of polyhedra see [4]. If P is a bounded 

convex polyhedron then P is called a convex polytope. A convex d-polytope for 

which every facet contains exactly d vertices is called a simplicial polytope. A 

convex d-polyhedron with nonempty vertex set for which every vertex lies in 

exactly d facets is called a simple polyhedron. If P is a simplicial d-polytope,  the 

simplicial ( d - 1 ) - c o m p l e x  s  associated with P is defined to be s  

{F C V(P): conv F is a face of P}, where V(P) is the set of vertices of P and 

conv F means the convex hull of F. This simplicial complex is called the 

boundary complex of P. Note the obvious fact that h(P) = h(s  For every 

simple convex d-polyhedron P there is a simplicial (d - 1)-complex s  that is 

dual to P in the sense that there is an inclusion-reversing bijection between the 

set of faces of Y*(P) and the set of nonempty faces of P [9], [2]. In the case that P 

is a simple polytope then s  is just s  where P* is a simplicial d-polytope 

dual to P. 

3. Diameters 

The distance between two vertices of a convex polyhedron is the length of the 

shortest edge path between them. The diameter of the polyhedron P is the 

maximum distance between any two vertices of P. The Hirsch conjecture [3, p. 

168], [4, Ch. 16], [5] states that the diameter of a d-polyhedron with v facets is at 
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most v -  d. While the conjecture has been shown to be false for unbounded 

polyhedra of dimension greater than three, it is true for all polyhedra of 

dimension at most three and for all polytopes for which v - d _- 5. It is still an 

open question as to whether the Hirsch conjecture is true for all polytopes. 

For the purposes of placing upper bounds on the diameters of polyhedra it is 

sufficient to consider simple polyhedra. This suggests examining simplicial 

complexes that are dual to simple polyhedra. If A is a pure simplicial complex, 

the distance between two facets F and G of A, d(F, G), is the length k of the 

shortest simplicial path F = Fo, F~ . . . . .  Fk = G between F and G, where the F~ 

are facets of A and F~ fq F~_~ is a ridge of A for 1_--< i _--< k. The diameter of A, 

diamA, is the maximum distance between any two facets of A. We say a 

simplicial (d - 1)-complex A satisfies the Hirsch property if diam A __< fo(A) - d -- 

h~(A). Clearly, the diameter of a simplicial complex dual to a simple polyhedron 

equals the edge path diameter of the polyhedron itself. Thus the Hirsch 

conjecture for simple d-polytopes is equivalent to the conjecture that 

diam E(P)_--- v - d -- h~(P) for every simplicial d-polytope P with v vertices. 

While it would be nice to prove that d i a m E ( P ) -  < _ h~(P) for the simplicial 

polytopes P = P(d, h) constructed in [1], so far we have only been able to bound 

the diameter of E(P) by h i ( P ) +  1. What makes this result perhaps more 

intriguing is that there are no known bounds on diam E*(Q) for arbitrary simple 

d-polyhedra Q with v facets that are even polynomial in v and d. On the other 

hand no example is known of a bounded or unbounded simple d-polyhedron Q 

for which diam E*(Q) exceeds, say, 2h~(E*(Q)). Although we do not yet know 

whether E(P(d, h)) satisfies the Hirsch property, we have been able to show that 

E(P(d, h)) is realizable as the boundary complex of a simplicial d-ball A with the 

same vertices as E(P(d, h)) such that A satisfies the Hirsch property. 

Our primary tool in this section will be that of vertex decomposability, a 

notion defined by Provan and Billera in their studies of the diameters of 

simplicial complexes [9]. A simplicial ( d -  1)-complex A is said to be vertex 
decomposable if it is pure and either A is a ( d -  1)-simplex, or else there is a 

vertex v of A such that A\ v is a vertex decomposable simplicial (d - 1)-complex 

and Ik, v is a vertex decomposable simplicial (d -2)-complex.  In this case v is 

called a shedding vertex of A. 

THEOREM 3.1 (Provan-Billera). If A is a vertex decomposable simplicial 
( d -  1)-complex then A satisfies the Hirsch property, i.e., diamA_---h~(A). 

PROOF. See [9]. [] 
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We will first construct a particular class of vertex decomposable complexes. 

Let u, d, p, q be positive integers such that u>= d =pq. Define V =  

{u~,u2 . . . . .  u,} and g'~'q to be the collection of all subsets F of V of the 

form {u~ . . . . . .  u~,+p_~} U {u~,. . . ,  u~+,_~} U - . .  U {u~,,..., u~,+p_~}, where i~ => 1, 

iq + p - 1 < u, and ik + p - 1 < ik+~, 1 < k = p - 1. Thus F consists of q blocks of 

contiguous vertices of V, each block containing p elements. For such an F put 

6 ( F ) = q - ( r - 1 ) / p ,  where r = m i n { i : u ~ F } .  The integer 3(F)  equals the 

number of blocks of F that are not in their "leftmost possible position." 

We totally order the subsets of V by saying, for F, G C V, that F < G if there 

is some integer 1 < k =< u for which (1) u~ ~ F if and only if u~ ~ G for all 

k + 1 =< i =< u, and (2) u~ U G - F .  A subset g~ of g'~'~ will be said to satisfy 

property (/3) if g~ is nonempty and F ~ ~ whenever both F < G and 6(F)  =< 

6(G) for some G ~g~. Denote  by A(~)  the simplicial ( d - 1 ) - c o m p l e x  

U { F  : F ~ ~}.  Our interest in these simplicial complexes is due to the following: 

THEOREM 3.2. Suppose ~ C_~g~ "q satisfies (/3). Then A(~)  is vertex de- 
composable and hence satisfies the Hirsch property. 

PROOF. Let r = max{/: u, E A(~)}. If r = d then A(~)  is a (d - 1)-simplex 

and hence vertex decomposable. So assume that r _-> d + 1. We will prove that ur 

is a shedding vertex of A(~) .  

We first claim that A(~) \u r  is pure (d-1) -d imens ional .  For suppose 

u ,~  G C_ A(~).  Let F be a facet of A(~)  containing G. If u ,~  F all is well. If, on 

the other hand, ur CF ,  let F '  be the member of ~ q  obtained from F by 

replacing u, with the u, of highest index less than r such that u~ r F. Observe that 

F ' E  ~ since F ' <  F and 6(F')~ 6(F). Thus F'  is a facet of A(~)  containing G 

but not ur. 

Now that we know that A ( ~ ) \ u ,  is pure ( d -  1)-dimensional we see that 

A ( ~ ) \ u ,  = A ( ~ ) ,  where ~1 = { F E  ~ : ur~F}. B u t i t  is easy to check that ~1 

satisfies (/3) and so A ( ~ )  is vertex decomposable by induction on r. 

We must now examine Ika(~) u,, necessarily a pure simplicial (d - 2)-complex. 

If q = 1 then lkal~)ur = {U~-p+h..., Ur-~} which is a (d -2 ) - s implex  and thus 

vertex decomposable. So assume that q => 2. Let ~2 _C ~'~'q ~ be given by F E :~2 

if F U {u,-e+~,..., u,} E ~.  Then l k ~ )  u, = A(~2). {U,-p+l . . . . .  u, ~}. Again it is 

straightforward to demonstrate that ~2 satisfies (/3). Therefore lka~)u~ is vertex 

decomposable by induction on q and proposition 2.4 of [9] which states that the 

join of two vertex decomposable simplicial complexes is again vertex decompos- 

able. [] 



266 C.w. LEE Isr. J. Math. 

Now let h ~ h ( ~ J )  and take P = P ( d , h ) E ~ ( h )  to be the simplicial d- 

polytope constructed in [1] to derive the sufficiency of McMullen's conditions. In 

particular 51(p) is the boundary complex 0A of a simplicial d-ball A with vertex 

set V' U U, where V' = {v~ . . . . .  v,-_,,+,}, U = {u~ . . . . .  ur n = [d/2] and v' = 

h~ + 2n - 1. The facets of A are of the form V' U F, where F E ~ for some fixed 

_C ~'," that satisfies (/3). Thus A = f " .  A(N) and we have 

COROLLARY 3.3. I [ P  = P(d, h) then ~(P) = a A for some simplicial d-ball A 

with ]:o(P) vertices such that diamA=< h~(P)-1, i.e., A satisfies the Hirsch 

property. 

PROOF. Use Theorem 3.2 and proposition 2.4 of [9] to conclude that A is 

vertex decomposable. [] 

Now take A' to be the simplicial ( d -  1)-ball {v2 . . . . .  vd-_.,+~}" A(~) ,  again 

vertex decomposable. It is a routine matter to verify .that A = ~5, .A' and 

(0A)\ v~ = A'. Let Fl, F2 be facets of 0A. If neither F, nor F,_ contain v~ then 

d(F,, Fz) <- diam A' =< fo(P)-  1 - d = h i (P) -  1. Assume v, E F, but v~ E ~ .  Let 

G be the unique facet of 0A not containing v~ such that F, f-/G is a ridge of 0A. 

Then 

d(F1, F2) <= d(F,, G) + d(G, F2) <- 1 + diam A' = h~(P). 

A similar argument holds if v~ E F~ but v~ E F2. Finally assume v, @ F~ and 

v~ E F2. Let G~, G2 be the facets of 0A not containing vl such that F~ f) G,, 

F2 fq G2 are ridges of 0 A. Then 

d(F, ,  F2) ~ d (El, G l) + d(G,, G:) + d(G2, F2) ~ 2 + diam A' = h~(P) + 1. 

Thus we have 

COROLLARY 3.4. If P = P(d, h) then diam S(P)  = < h~(P)+ 1. 

The only obstacle to demonstrating that v, is in fact a shedding vertex of 

E(P(d,  h)), and hence that Y-,(P(d, h)) is vertex decomposable and satisfies the 

Hirsch property, is proving that lk~0,~d.h~)Vl is vertex decomposable. We have, 

however, not yet succeeded in showing this. 

There is no example known of a simplicial polytope P such that E(P)  is not 

vertex decomposable. This suggests the following question: Does there exist an 

h E h ( ~ )  such that h cannot be the h-vector of any vertex decomposable 



Vol. 47, 1984 SIMPLICIAL POLYTOPES 267 

complex? Vertex decomposable simplicial complexes are always shellable and 

hence are members of a larger class of simplicial complcxes called 

Cohen-Macaulay complexes [10]. The h-vector of any Cohen-Macaulay com- 

plex is an O-sequence, characterized in the following manner: 

For positive integers k and i, k can be written uniquely in the form 

(7) ; ' )  (7') k =  + \ i - 1  + " ' +  ' 

where n ~ > n , ~ > " ' > n j = j = > l .  Put 

k<,~= {n, + l] (ni ~i+1 {nj + l 
\ i + 1 ]  + " ) + " ' + \ j + l )  

and define also 0 (~= 0 for positive i. A vector of integers (ho, h~ . . . . .  ha) is an 

O-sequence if h,,= 1, hl =>0, 1 =< i_<- d, and h~§ =< h~ ~), 1 =< i = d -  1. 

Thus the h-vector of any vertex decomposable simplicial complex must be an 

O-sequence. We can, however, use Theorem 3.2 to show the converse: 

THEOREM 3.5. Let h = (h,, h, . . . . .  ha) be any O-sequence. Then there exists a 
vertex decomposable simpliciaI (d - 1)-complex A such that h (A)= h. 

PROOF. Let u = h~ + d. For each 0 < i =< d choose the first (in the ordering 

< )  hi elements F of ~ /a  such that 6 ( F ) =  i. Call this set ?J3, and put 

= U~o  ~i. Then it has been shown [6] by methods almost identical to those in 

w167 and 6 of [1] that ~ satisfies (/3) and that h ( A ( ~ ) ) =  h. Now apply 

Theorem 3.2. [] 

Therefore the answer to our question is no, because E(P) is known to be 

Cohen-Macaulay for every simplieial polytope P and so h(P) is always an 

O-sequence. This means that we cannot rule out the boundary complex of a 

simplicial polytope being vertex decomposable on the grounds of its h-vector 

alone. 

4. Bistellar equivalence 

Let A be a simplicial (d -1) -complex  and z E V(A). Suppose A , B  C_ 
V(A) U {z} such that A E ,5, B ~  A, dim A + dim B = d - I, and lkaA = ,9/3. We 

then define XA A tO be the simplicial complex XA A = (A \ A )U (/3 �9 Off. ), and say 

that E = Xa A is obtained from A by a bistellar operation. The name comes from 

the fact that st(a, A )[A] = st(a, B) [E], where a E V(A) U {z } and st(a, A )[A] is 



268 c . w .  LEE lsr. J. Math. 

by definition the simplicial complex ( A \ A ) U  d .  0.4.  lkaA, called the stellar 

subdivision of A in A. Thus E is obtainable from A by a stellar subdivision 

followed by a particular inverse stellar subdivision. Observe that B ~ E, A ~ Y_., 

and Ik,=B = a/~, and hence A=X~Y_,. If dim A = k we call ~(a a (bistellar) 

k-operation. The inverse of a k-operation is therefore a (d - k - 1)-operation. 

Suppose A2 = Xa, Xa, , ' "  ,~ALAI - Then A~ and A_, are said to be bistellarly 

equivalent. For any two simplicial d-polytopes P and O, E(P) and E(Q)  are 

bistellarly equivalent. In particular, if Q is a geometric d-simplex T '~ we can 

write E ( P ) = X A , ' " X a , E ( T " ) .  Pachner [8] observes the following: In such a 

sequence of bistellar operations, ad-+-~--a+ =h++~(P)-h+(P), where as = 

card{/ :dim A+ = j}, the number of j-operations. McMullen's conditions then 

imply that (1, a~. ~-a, , ,  ad-2- a~ . . . . .  ad-, -a~  an O-sequence, where n = 

[d/21. Thus 
d + L n - I 

r= ~'. a,>_ ~, (a+ , , - c t , ) = h , ( P ) -  l. 
i = 0  i = 0  

So if we define l(P) to be the smallest integer r for which .Z(P) can be derived 

from XL(T~) by a sequence of r bistellar operations, and l , ( d , h ) =  

rain{/(P) : P E ~ ( h ) } ,  then necessarily l ,  (d, h) _-> h, - 1. The aim of this section 

is to prove that equality holds in this expression, confirming conjecture 3.11 of 

[8]. 

Suppose A is a shellable simplicial d-ball, i.e., the facets of A can be ordered 

F,, F, . . . . .  F, such that for 1 =< k =< r, 

U - "  
= 1  / - 1  

where the G~ are sk distinct (d - 1)-faces of A for some 1 < sk =< d. Let Ak be the 

simplicial d-ball I...J ~=, ,E,, 0=< k =< r, and A~ = n~k-~ G~, 1 < k =< r, a (d - sk)-face 

of Ak_~. Then in fact it can be seen that OAk = XAk(OAk-O, 1 <= k <= r, and so 

OA = XA.' '"  A'A,aA,,. Also (see, e.g., [7]), h(A0)= (1,0,0 . . . . .  0) and 

h,(Ak ,) if i #  sk, 
h,(~k) 

t h,(Ak-l )+l  if i = & .  

Therefore  0A can be obtained from 0A0, the boundary of a d-simplex, by a 

sequence of h~(A)+. . -  + h ~ ( A )  = fd (A) -  1 bistellar operations, of which ex- 

actly h, (A) are (d - /)-operations. 

Now consider the simplicial d-polytope P = P(d, h). As noted in the previous 

section, E(P)  = 0A for a particular simplicial d-ball A. In [1] it is shown that A is 
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shellable and h(A) = (1, h, - h,~, h 2 -  h, . . . . .  h, - h , _ , , 0 , 0 , . . .  ,0). Thus E(P)  can 

be obtained from the boundary of a d-simplex by a sequence of Z~_- +] h, (A)=  

h. - 1 bistellar operations, confirming that l(P) = h, - 1 and hence that 

THEOREM 4.1. l ,  (d, h) = h~ - 1. 

We remark that for the particular shelling order of A described in [1] we can at 

each stage in the shelling process insure that 0Ak is realizable as the boundary 

complex of some simplicial d-polytope.  Hence we have exhibited a geometric 

bistellar equivalence [8] between E(P) and the boundary of a d-simplex in h~ - 1 

steps. 

Note added in proof. Kleinschmidt has identified a simplicial polytope with 

non-vertex-decomposable boundary complex. 
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